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These notes are an expanded version of a review lecture on closed string tachyon 
condensation at the RTN workshop in Copenhagen in September 2003. We begin with a 
lightning review of open string tachyon condensation, and then proceed to review recent 
results on localized closed string tachyon condensation, focusing on two simple systems, 
C/Z n orbifolds and twisted circle compactifications. 
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1. Introduction 

Consider a classical, nonrelativistic charged particle interacting with an electromag- 
netic field. Let it be localized near the origin of space by a spherically symmetric potential 
V(r) that takes the form shown in fig. 1. A glance at this potential carries a lot of in- 
formation. For instance, it is clear that the particle has at least two stable equilibria (at 
r = a and r = c) and two unstable equilibria (at r = and r = b). The spectrum of 
small fluctuations about the unstable equilibrium r = is that of an inverted harmonic 
oscillator, i.e. it is tachyonic. Displacing the particle away from r = initiates a process 
of tachyon condensation, and the long time behaviour is rather clear. It eventually settles 
down to the stable equilibrium r = a, while the extra energy V(0) — V(a) is carried away 
by electromagnetic radiation. 

In contrast to this toy model, our understanding of the global structure of the string 
theory configuration space is rather limited. We do not know whether all of the different 
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Fig. 1: A possible energy landscape as a function of position for a particle. 

consistent string theories and their various solutions fit together as extrema of some po- 
tential in a single configuration space, like the points r = 0, a, 6, a For example, can the 
bosonic string be continuously connnected to the superstrings? Recent studies of tachyon 
condensation in string theory may be thought of as an attempt to better understand the 
global structure of the string theory configuration space. These investigations study the 
decay of specific unstable backgrounds of string theory. Their aim is to excite the instabil- 
ity about the chosen unstable background (the analogue of r = 0) and then follow the long 
time behaviour of the ensuing motion, to determine the nearest "minimum" (the analogue 
of r = a). 

In practice, however, exact time dependent solutions of string theory are difficult to 
come by. Furthermore, they sometimes carry more information than is of interest (such 
as the precise form of the electromagnetic radiation in our toy model). Consequently 
most studies of tachyon condensation circumvent the problem of solving for the exact time 
evolution, substituting a more tractable and possibly more interesting problem. 

In our toy model, what techniques could we use to determine the endpoint of tachyon 
condensation about r = 0, without solving for the full time evolution? One suggestion 
would be to model the backreaction of the electromagnetic radiation by a friction term in 
the particle evolution equation: 



dt 2 



V'(r) - k 



dr 
dt 



(1.1) 
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where k is a positive number. A stringy equivalent of this friction term is provided by 
a dilaton that varies linearly in the time direction. Such a linear dilaton is present in 
Liouville theory. Consequently, some recent studies of tachyon condensation analyze the 
Liouville evolution of unstable backgrounds. 

Note that in our toy model the long time behaviour of the dynamics governed by 
( |1 . 1|) is actually independent of k. We could therefore further simplify the analysis by 
taking k to infinity, yielding the gradient flow equation 

% = ^ 

where t = kt'. As we argue below, the RG flow equations on the world-sheet of the string 
are analogous to the equations (|1.2|). Consequently, several recent studies analyze RG 
flows in order to study tachyon condensation. 

In this lecture we will introduce the reader to recent studies of localized closed string 
tachyon condensation. We will not survey all the results that have been obtained in this 
area, but will instead focus on two of the simplest and best studied backgrounds of type 
II string theory: the C/Z n orbifolds, and the twisted circle compactifications. In our 
study of these two examples we will have occasion to employ many the techniques (RG 
flows, Liouville flows, D-brane probes, and supergravity dynamics) that have recently been 
brought to bear on the problem of tachyon condensation in string theory. The reader who 
wishes to continue his study of tachyon condensation in other examples (including non- 
supersymmetric C 2 /Z n orbifolds) is referred to the recent review by Martinec J[J (and 
references therein). 

We begin our lecture, in section 2 below, with a lightning review of open string 
tachyon condensation on the world-volume of D-branes.0 Open string tachyon condensa- 
tion processes share some similarities with their closed string counterparts. However, at 
weak string coupling open strings are decoupled from gravity and so open string tachyon 
condensation takes place on a fixed background geometry. Consequently it involves fewer 
conceptual complications and has been much better studied than its closed string coun- 
terpart. The review of open string tachyon condensation in section 2 will help orient us 



1 See [HH for comprehensive reviews of open string tachyon condensation. 



in our later study of closed string tachyon condensation. We will also see what conceptual 
and technical advantages localized tachyons offer over bulk tachyons (such as the type or 
bosonic closed string tachyons). In section 3 we turn to the analysis of the simplest closed 
string tachyon condensation process, the decay of C/Z n to flat space in type II theories, 
and study it using a variety of methods. In section 4 we turn to tachyon condensation in 
a more versatile set of models, twisted circle compactifications of type II theories, which 
reduce in one limit to C/Z n orbifolds and in another to type string theories. Our analysis 
of these models will employ Liouville flow. We also briefly study the evolution of D-branes 
during the tachyon condensation process. We end the lecture in section 5 with a discussion 
of future directions. 



2. Open String Tachyon Condensation 

2.1. Sen conjectures 

Consider a Dp-brane in bosonic string theory. The spectrum of fluctuations of the 
D-brane is obtained by quantizing open strings, and includes a tachyon, implying the 
instability of the brane in question. It is natural to ask what the endpoint of this instability 
might be. Addressing this issue, Sen conjectured that (%) the endpoint of homogeneous 
tachyon condensation on the world-volume of the D-brane is the closed string vacuum, 
and (ii) the condensation of inhomogeneous modes of the tachyon field leads to lower 
dimensional D-branes^^^. 

Sen's conjectures have straightforward generalizations to the superstring theories. 
The most familiar D-branes in those theories are super symmetric, hence stable and with- 
out tachyons on their world- volumes. However, open string tachyons appear on the world- 
volumes of brane-antibrane systems ]5],|7j and the less familiar non-BPS D-branes [p|,|9|,|T0|. 



Sen's conjectures concern the endpoint of tachyon condensation on these nonsupersym- 
metric brane systems. 

We first consider the non-BPS Dp-branes in the type II theories; these exist with the 
"wrong" dimensionality, i.e. p odd in IIA and even in IIB. Their properties are similar to 
those of D-branes in bosonic string theory; in particular they are uncharged and unstable, 



and possess a real scalar tachyonic field T with m 2 = — l/(2a/). However, in contrast to 
the bosonic D-branes, the tachyon effective action on unstable type II branes is invariant 
under T — > — T, and is believed to be bounded from below. Sen conjectured that, as for 
bosonic branes, homogeneous tachyon condensation on the world-volume of an unstable 
type II brane ends simply in the closed string vacuum T = ±T m i n . 

We now turn to inhomogeneous tachyon condensation in the same system. As we 
remarked above, the tachyon potential is invariant under T — > — T; since it also admits a 
minimum at a non-zero value of T, it is has the form of a double well. Consequently, the 
tachyon field admits kink solutions that asymptote to — T min on the left and +T min on the 
right. Sen conjectured that such a kink is in fact a supersymmetric D(p — l)-brane, which 
may therefore be reached as the end product of condensation of a particular inhomogeneous 
mode of the tachyon. 

A brane-antibrane system consists of a usual BPS Dp-brane and its anti-brane (i.e. 
D-brane with the opposite R-R charge). The open strings connecting two branes (or two 
antibranes) are subject to the usual GSO projections: the tachyon is projected out and the 
gauge field is projected in. On the other hand, the open strings between a brane and an 
antibrane are subject to the opposite GSO projection, so the tachyon field T is projected in 
and the gauge field is projected out. The retained tachyon is a complex scalar field, charged 
oppositely under the brane and antibrane's gauge fields and A^~\ Sen conjectured 
that this field has a Mexican hat potential, and that homogeneous condensation to the 
ground state |T| = T min results in the closed string vacuum, while a vortex solution with 
winding number n, 

T(r - oo, 9) ~ T min e in9 , j (F<+> - F<">) = 2™, (2.1) 

is simply a supersymmetric D(p — 2)-brane, which may therefore be obtained as the end- 
point of inhomogeneous tachyon condensation with the appropriate boundary conditions. 
Finally, he proposed that a kink solution, in which the tachyon field stays real but passes 
over the hump at T = 0, 

T(x -> ±oo) -> ±T min , (2.2) 

which is clearly an unstable configuration, represents an unstable D(p — l)-brane. 

Sen's conjectures have been verified in a number of different ways, as we will review 
in the rest of this section. 
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2.2. The potential: cubic string field theory 

In general, if a theory admits a potential energy landscape (as our toy example of 
section 1 did), then inspection of this potential is a conceptually simple way to determine 
the endpoint of tachyon condensation. Unfortunately, string world-sheet techniques are 
best suited to addressing on-shell questions; string S-matrices encode information about 
off-shell quantities like potentials only indirectly. Witten's cubic open string field theory 
PHI , on the other hand, is an off-shell description of open string theory, and provides a 



potential on the open string configuration space. If we can calculate the potential of this 
string field theory, then inspection of it should be sufficient to determine the endpoint of 
open string tachyon condensation. This is indeed the case, as we review in this subsection. 



This approach to open string tachyon condensation was poineered in []T2| , p!3| , p^| ; for more 



complete references see the reviews P, p^ , p^6l , ^7| , ^L8| , [L9 



The space of classical configurations of cubic open string field theory is simply the 
quantum Hilbert space of the first-quantized theory. The string field theory action asso- 
ciates a number to every state in the theory of 26 free bosons plus the b and c ghosts on 
the strip. Specifically, the action is given by [|IT 



s = -\ (1(®\Qb$) + Urn * $> ) , (2.3) 



gl — ' 3 

where Qb is the usual world-sheet BRST operator and * is a multiplication operator on 
world-sheet states; see the reviews referred to above for more details. ( |2.3| ) enjoys invariance 
under the gauge transformations $ — > $ + Qb^ + $ * \& — (at the linearized level 

this implies a familiar statement: BRST trivial states are pure gauge). The equations of 
motion that follow from (|2.3| ) are Qs$ + $*$ = (at the linearized level, on-shell field 
configurations are BRST closed). 

Note that every oscillator state in $ is also a function of the zero-mode of every 
coordinate that obeys Neumann boundary conditions. Thus each open string oscillator 
state corresponds to a quantum field living on the world- volume of the brane, and one may 
think of string field theory as a quantum field theory, in particular a gauge theory, with 
infinitely many fields propagating on the brane's world-volume. More precisely, the string 
field may be expanded as 

$ = T(x^)d|0) + ix(^)c_i|0) + v(x»)L_ 2Cl \0) + • • •, (2.4) 
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where the lowest mode T is the open string tachyon field and u, v represent higher modes. 
Formally, one may obtain an effective potential V(T) for the tachyon by integrating out all 



massive fields ||20|| . Sen's conjecture implies that this potential takes a minimum value at 
one point T = Tq, this point represents the closed string vacuum, and its depth V(0) — V(Tq) 
is equal to the tension of the original Dp-brane. 



Unfortunately, the potential in the action (|2.3|) is so complicated that it has not yet 



proved possible to analytically locate Tq and evaluate its energy. However this programme 
has been carried through to great precision in an approximation scheme known as level 
truncation fT2]] . This scheme consists of simply ignoring (i.e. setting to zero rather than 
integrating out) all fields whose world-sheet energy is larger than a certain fixed "level". 
At the lowest non-trivial level (level 0), the scheme retains only the tachyon, setting all 
other fields to zero. At this order the potential in flOp reduces simply to 



„ (I , = ^(-^ + !£), r =^, (2.5) 

where we have normalized the potential energy in units of the D-brane tension. This 
approximated potential has a (local) minimum at T = r 3 ; the potential evaluated at this 

2 

minimum is V(0) — V(Tq) = ^r 6 0.684 (compared with 1, as predicted by the Sen 
conjecture). It is more difficult to locate the minimum and evaluate its potential at higher 
orders in the level truncation scheme, and the relevant computations have been performed 
only numerically. The resulting values for V(0) — V(T Q ) appear to converge rapidly (but 
not monotonically) to that predicted by the Sen conjecture: 0.986 at level 4 [|nj, 0.9991 



at level 10 H, and 1.00063 at level 28 [|2j (for more details see the reviews |,]15[). 
These numerical results provide rather impressive validation of the Sen conjecture, and 
demonstrate that cubic string field theory, which was designed to reproduce perturbative 
string amplitudes, also contains nonperturbative information about string theory. They 
also testify to the validity of the level truncation approximation; even though it is a natural 
scheme for neglecting presumably irrelevant highly massive modes, it is important to keep 
in mind that there is no proof that it should converge to the correct answer. 

In a similar fashion it has proved possible to describe an inhomogeneous solution, 
depending on a single direction on the brane world-volume, within the level truncation 



approximation. According to the Sen conjecture such a lump represents a D(p — l)-brane, 
and the numerical computation of the energies of these lump solutions again agrees rather 
well with this conjecture (see |p3 , 2A J25f| ; for more complete references see the review ||15|| ). 



The Sen conjectures regarding tachyon condensation on the world-volume of unstable 
D-branes in type II theory have also been successfully been tested [26, 27, [28, 29] within the 



level truncation approximation scheme, using Berkovits' supersymmetric cubic string field 
theory [|30,31]. The situation with the superstring is qualitatively similar to that with the 



bosonic string; we refer the reader to the reviews mentioned before for more details. 

2.3. RG flows and boundary string field theory 

We now turn to a rather different technique for studying tachyon condensation, 
involving the analysis of RG flows on the world-sheet of the string. We will begin this 
subsection with a review of some features of world-sheet RG flows for closed as well as 
open strings, and their relevance to tachyon condensation. Readers who are interested in 



details and complete references should refer to []32[ . 

Consider a type II closed string background of the form CFTi + CFT2, where CFT2 
is any unitary conformal field theory with c = d, and CFTi is the free sigma model on 
R9-d,i w ith fields X a (a = 0, . . . , 9 — d). It is not difficult to see that the operator spectrum 
of CFT2 determines the stability of this background under time evolution. In fact, a 
conformal operator O of dimension (5, 5) in CFT2 may be dressed by a momentum factor 
from CFTi to yield a marginal operator in the full CFT: O = e lP ' x O where a'P 2 /2+d = 1. 
Thus the world-sheet operator O corresponds to a spacetime fluctuation with squared mass 
M 2 = 2(5 — l)/a' and so represents a tachyon or instability when O is a relevant operator 
(5 < 1). We conclude that the existence of relevant operators in the spectrum of CFT 2 
implies an instability of the corresponding string background. 

The discussion of the previous paragraph is easily generalized to open strings and 
boundary RG flows. A boundary operator of dimension 5 in CFT2 corresponds to a 
spacetime particle of squared mass (5 — \)/oi'; once again the existence of a relevant 
boundary operator implies the instability of the spacetime theory. 

It is tempting to go beyond such an "infinitesimal" statement and to conjecture a 
relation between the full dynamical evolution in string theory and renormalization group 



flows on the world-sheet. Clearly, the two sides have many features in common. A world- 
sheet RG flow away from an unstable string background ends at an infrared conformal 
field theory that may generically be expected to be stable. Similarly, after the dust has 
settled, the dynamical process of tachyon condensation is generically expected to decay 
into a stable solution of string theory. We will now argue that, in fact, boundary RG 
flow equations are a rather precise analogue of gradient flow equations for the toy model 
introduced in the introduction, and so should accurately capture the late time behaviour 
in the tachyon condensation process. Later in this section we will make a similar argument 
for bulk RG flows. 

In order to draw the analogy between RG flows and the gradient flow equation ( |1 . 2| ) , 
we wish to demonstrate that spacetime energy decreases along world-sheet RG flows. Re- 
call that Zamolodchikov's famous c-theorem [[53] for bulk RG flows asserts that the C 
function, an off-shell generalization of the central charge, is a non-increasing function of 
RG scale. A similar theorem is believed to be true for boundary RG flows. Consider a 
boundary conformal field theory perturbed by A;Oi, where Oi is a basis of boundary opera- 
tors. Within boundary perturbation theory it has been shown that there exists a function 
(sometimes called the boundary entropy) g(X) that (see also [p5| , |36[1 ) (1) decreases 



along renormalization group flows, and (2) is proportional to the disk partition function at 
fixed points. Now the disk partition function has a simple spacetime interpretation: it is 
minus the spacetime energy of the open string sector of the theory, as may be verified by 
computing the one point function of the dilaton on the disk [|37]]. So we see that (up to a 
proportionality constant) the (/-function is an off-shell generalization of spacetime energy, 
and that spacetime energy decreases along boundary world-sheet flows. Consequently RG 
flows are analogous to ( |L~2l ) and may be used to study the tachyon condensation process. 

We will now review the RG flow that describes the decay of a Dl-brane into a D0- 
brane on the circle in bosonic string theory. A Dl-brane on a circle of radius R has 
energy R/a'g s . On the other hand the energy of a DO-brane on the circle is given by 
l/\fa!g s . Notice the energy of a single Dl-brane is larger than the energy of an array of 
n DO-branes, provided R 2 > n 2 a' . Now consider the theory on the world-volume of the 
wrapped Dl-brane. The boundary operator 

T(X) = \cos(^p), (2.6) 



where X is the compact direction, is relevant provided a'{n/R) 2 < 1, i.e. if and only if 
the wrapped Dl-brane is more massive than an array of n DO-branes. This leads us to 
conjecture that the RG flow induced by this operator (when it is relevant) ends up in 
an array of n DO-branes. This conjecture is rather intuitive; if the operator in (|2.6| ) is 
revelant, A increases as RG flow proceeds, increasingly localizing open strings to the n 
minima of the potential. It is certainly plausible that as A — > oo the endpoint of the RG 
flow is simply an array of n DO-branes located at these n minima. Indeed this conjecture 
can be rigorously verified, since the perturbation (|2.6| ) about the Dl background happens 
to be integrable |32[]. Consequently, it is possible to follow this RG flow exactly, and in 



particular to compute the boundary entropy as a function of the flow. In particular the 
ratio of g at the UV fixed point to g at the IR fixed point is given by 

guv R Em ^ ^ 



gm n\W tiEy>q 

in agreement with the conjectured endpoint of this RG flow. 

This analysis may partially be extended to the superstring. Consider a Dl-brane and 
anti-Dl-brane wrapping a circle of radius R. Turn on a Wilson line J dx 1 Ai = n on the 
brane, setting the gauge potential on the antibrane to zero. As we described above, the 
spectrum of brane-antibrane strings includes a complex tachyon. Since the tachyon field 
is charged under the relative gauge field, this Wilson line requires T to be expanded in 
half-integer modes on the circle. The lightest mode of the tachyon has momentum 1/2R; 
its effective mass is given by 



m 2 = — ^ - — . (2.8) 
AR 2 2a' V ; 

This is negative, and so the corresponding boundary operator is relevant, provided 

2 4- > (2-9) 
a'g s Va'g s 

i.e. as long as the energy of the brane-antibrane pair is larger than the energy of an 
unstable DO-brane. We are thus led to conjecture that the endpoint of the corresponding 
renormalization group flow is a single unstable zero brane sitting on the circle. Note that 
a tachyon with half a unit of momentum around the circle is basically a kink, so this result 
is consistent with the Sen conjecture. 
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It has, unfortunately, not yet proved possible to rigorously verify this conjecture. The 
Dl-brane boundary conformal field theory perturbed by the tachyon boundary operator is 
given by 

Sh = J drde (TDoT + T(X)T) + c.c, (2.10) 

where T = r/ + F9 represents a (complex) boundary fermionic superfield |3^,^8|. The fields 
r\ and rj are called boundary fermions, and represent the 2x2 Chan-Paton matrix upon 



quantization ||38|1 . Note that this term is consistent with the fact that the tachyon field 
belongs to the GSO-odd sector of the open string. The bosonic field F is an auxiliary field. 
In the particular case of interest, 

T(x) = Acos ir (2 - n) 

Rigorous verification of the Sen conjecture in this case would require some exact results 
on the IR behaviour (for instance the IR value of the g function) of ( |2.10| ), ( |2.11| ). 

As we described above, the (/-function in the middle of RG flow can be considered as 
an off-shell energy in open string theory. This statement might lead us to search for an off- 
shell formulation of string field theory, whose action is some generalization of the g function. 
Although we will touch on this topic only very briefly, indeed such a formulation has been 
found, and is known as boundary string field theory, or BSFT [35.3^,|0, 51J (originally 



called background independent string field theory |4^,^3|; see the reviews |15|,[|4| f° r more 
details). One convenient definition! [53] of the BSFT action S is given by 

, )A , •«•'»• < 2 ' 12 > 
The parameters A- 7 are the coefficients of possible boundary perturbations as before! (e.g. 



T(X) in (|2.6|) ), whose beta functions are given by /3 J , and Gij is a boundary theory 



analogue of Zamolodchikov's metric. S may be argued to be a generalization of the g 



2 This is equivalent to the original definition of the background independent string field theory 
[42] via a redefinition of parameters Xi. 

3 In actual computations we cannot consider irrelevant perturbations because they are not 
renormalizable. Even though this is the most serious unsolved problem in BSFT, we can usually 
get the correct results on tachyon condensation exactly without taking them into account. 
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function; in particular it may be shown that S evaluates on-shell to the disk world-sheet 
partition function. Indeed, in the case of the superstring it turns out that this statement 
is true even off-shell: a simple solution to ( |2.12|) is obtained by setting S = Z where Z is 
the world-sheet disk partition function p8| , P0| , p] , ^5|| . 

Boundary string field theory has been employed to good effect in the study of open 
string tachyon condensation. For instance it has been shown that the profile of the tachyon 
potential on an unstable D-brane in the superstring is given by BSFT as V(T) oc e~ T / 4 . 
The closed string vacuum corresponds to \T\ = oo (note that this T is related by a non- 
linear field redefinition to the field that appears in the tachyon potential of cubic string 
field theory). 

Finally, let us point out that inverting the relation (|2.12| ), and applying the definition 
of the beta function, yields the gradient flow equation 

° X ' -G ij ^> (2-13) 



a(-lnA) d\i 

where A is the renormalization scale. Hence the analogy between RG flow and (|1.2| ) is 
clearest in the language of boundary string field theory. 

2.4- Time evolution: rolling tachyons 

Quite remarkably, it is possible to solve exactly for the classical time evolution of 
a decaying D-brane. The solution is called the rolling tachyon |4(],f|7| or S-brane |48|,fi9|. 



The homogeneous decay can be simply described by perturbing the D-brane conformal 
field theory by the boundary operator 



5 b = A / dre* . (2.14) 

(More precisely, this solution is known as a half S-brane.) To understand why this is a 
conformal field theory, we first note that ( |2.14|) may be obtainted from the BCFT j|6 



S h = X' [ dTCOsh(X°(r)) (2.15) 

JdT, 



Following the general convention, we have set a' = 1 in this subsection. 
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(known as a full S-brane) by taking the limit A' — > 0, X° — > oo with X'e x ° held fixed. 
Now upon analytically continuing X = ( |2.15| ) turns into the marginal boundary 

perturbation ( |2.6| ). This perturbation is in fact exactly marginal P, |53| , |54"| , as it can be 
rotated into a Wilson line by using the exact level 1 SU(2) current algebra present in the 
open string theory at R = n = 1. We conclude that the deformation ( |2.14| ) is exactly 
marginal, and represents a boundary conformal field theory, i.e. an exact time dependent 
solution of classical open string theory. The physical interpretation of this solution is clear: 
at large negative times ( 2.14 ) represents the D-brane perturbed very slightly by a tachyon 



operator. This operator then proceeds to grow in time according to its equation of motion. 
Thus this solution corresponds to tachyon condensation. 

Now that we have the exact solution to the time decay of the tachyon, it might seem 
that we should easily be able to determine its long time behaviour. In fact this issue turns 



out to be rather subtle. (|2.14| ) represents a boundary conformal field theory, and so a 
theory of open strings. How is this consistent with the Sen conjecture, which holds that 
the final state can contain no open strings? An important clue is obtained by computing 
the energy emitted in closed string radiation in the background ( |2.14j) . The presence of 
a D-brane with rolling tachyons leads to a linear source, a tadpole, for each closed string 



mode |55,5(|, and the amount of radiation can be computed by the one-point function of 



the closed string vertex operator on the disk. The amplitude to emit a state of energy E 
is proportional to |T7| 



(e^°) disk = e-^ lo ^--f— (2.16) 

sinh(7r£/). 

In the high energy region, the square of the amplitude ( |2.16j ) decays exponentially like 
e~ 2nE . Consequently the D-brane decay process populates the closed string states in 
a thermal fashion, at an effective temperature that is twice the Hagedorn temperature. 
However, not all closed string states are thus excited; the D-brane couples only to left- 
right symmetric states, and the density of excited states scales like p(E) ~ e 2 ' KE , the 
square root of Hagedorn growth. Note that the exponential growth in the density of states 
exactly cancels the exponential supression in the squared amplitude. Consequently the 
amount of energy emitted into closed strings, at tree level, is controlled by subleading 
powers of E in the density of states. Detailed calculations demonstrate that the energy of 
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emitted radiation from unstable Dp-brane scales like J dE E~ p / 2 , and therefore diverges 
for p = 0, 1, 2. The energy radiated is formally finite for p > 2 []57|]; however this finiteness 
is only power-law and probably disappears at higher loop. 

Let's focus on the case p = 0. The computation reviewed above strongly suggests 
that the DO-brane dumps all of its energy into closed string radiation in a time of order 
the string scale. The divergence in the computation appears simply to reflect the fact that 
the energy of a DO-brane scales like l/g s and so diverges in perturbation theory. However 
the divergence also formally reflects a breakdown in perturbation theory, so it is unclear 
if more can be said about the process. 

Does the uncontrolled production of closed strings ensure that the boundary confor- 
mal field theory (|2.14|) breaks down at a time of order string scale? Naively that would 



appear to be the case. However Sen has recently conjectured instead that the produc- 
tion of closed strings has a dual description in terms of open strings [|58| , |59|j60|1 (see also 



related arguments |^,^T|). This conjecture appears to be supported by computations in 
two-dimensional string theory. However, aspects of it are controversial, and the last word 
on the subject is perhaps yet to be said. 

Several other issues surrounding this time evolution process remain unclear. These 
include questions about the endpoint of the process with high dimensional branes, and 



the interpretation of similar computations in linear dilaton backgrounds [52]. We will not 
attempt a discussion of these cutting-edge issues here. 

2.5. Open versus closed string tachyon condensation 

In the last four subsections we saw that the problem of open string tachyon con- 
densation on D-branes has been successfully addressed using several different techniques. 
Let us now recall the various approaches used, and ask if they generalize to closed string 
theories. 

The direct study of the dynamical decay of closed string tachyons depends on finding 
exact solutions, which is usually difficult. This approach may also run into conceptual hur- 
dles. As we described above, it proved rather difficult to extract the qualitative properties 
of the long time behaviour of open string tachyon condensation from the exact solution, 
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even though we had a good guess for the answer. This process may be even more difficult 
in the case of closed strings. Nonetheless exact time dependent solutions, when available, 
are exciting, and deserve to be studied in detail |6^,^4|. We will touch upon attempts to 
construct and analyze such solutions in the final section of this lecture. 

In subsection 2.2 we reviewed the construction of the open string tachyon potential 
using string field theory. It seems likely that any attempt to effect similar constructions in 
closed string field theory will be considerably more difficult. The reasons for this expec- 
tation are conceptual as well as technical. At the classical level, open string field theory 
is "merely" a field theory, albeit a very complicated one involving an infinite number of 
fields. In particular all dynamics takes place in a static background, and every configura- 
tion may unambiguously be assigned an energy. Closed string theories are always theories 
of gravity, and spacetime is dynamical in such theories. Consequently the notion of energy 
is rather subtle. In particular, several recently studied examples of closed string tachyon 
condensation involve processes that drastically modify the asymptotics of spacetime; in 
such cases it is not clear whether it is possible, even in principle, to compare the energies 
of the initial and final solutions. A satisfactory potential function on the space of closed 
string configurations would be a very exciting object indeed, but finding it would involve 
overcoming several conceptual barriers. 

At the technical level, the existing formulations of closed string field theories are 
more complicated than open string field theories. In particular, Zwiebach's covariant closed 
string field theory p3] (which has so far been constructed only for the bosonic string) has 
non-polynomial interactions, and it is unclear if any simple approximation scheme like level 



truncation will apply to it. In a recent study, however, Okawa and Zwiebach |66j report 
exciting progress in this direction. 

Of the techniques used successfully to study open string tachyon condensation, the 
one that generalizes most simply to closed strings is that of world-sheet RG flows. As we 
reviewed above, the instability of a spacetime theory implies the existence of a relevant 
operator, and hence an instability of RG flow, on the world-sheet of the string. The 
problem of following this RG flow to the IR is mathematically well posed. In the case of 
open strings the connection between the RG flow and the problem of tachyon condensation 
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was established by demonstrating that the world-sheet RG flow equations are analogous to 
the gradient flow equation (|1.2|), and in particular that spacetime energy decreases along 
RG flows. It turns out that a similar (though weaker) result is true of bulk RG flows 
seeded by localized closed string tachyon vertex operators. In particular, one may show 
|67|| that whenever such an RG flow connects two spaces whose asymptotics are similar 
enough that their energies can be compared, the ADM energy of the IR solution is lower 
than that of the UV solution. Thus spacetime energy decreases along bulk world-sheet RG 
flows, for all flows for which this statement may be sensibly formulated. Consequently it 
appears that, like their boundary counterparts, bulk RG flows may also be thought of as 
analogues of the gradient flows (|1.2|). 

As we will review in these lectures, RG flows have been widely used to study closed 
string tachyon condensation. Another technique that has been used is the so-called Li- 
ouville flow ||68|| , which describes a continuous path (presumably from higher to lower 
"energy") through the space of string configurations. 

In this review, following the example of most recent studies of closed string tachyon 
condensation, we will focus on systems in which the tachyons are localized on a proper 
submanifold of the spacetime, for example an orbifold fixed plane. Such localized tachyons 
offer several advantages over bulk tachyons like those of the bosonic and type theories. 
First, since open string tachyon condensation leads to the decay of the D-branes on which 
the open strings live, by analogy it is may turn out that bulk closed string tachyons lead 
to the decay of the spacetime itself, and with it the disappearance of all closed string 
states. (A non-perturbative analogue of this is Witten's "bubble of nothing" decay of non- 
supersymmetric Kaluza-Klein compactifications ||69|| .) Using conventional tools it would 
seem difficult to study such a drastic transition, whose endpoint is not even a string theory. 
In the case of localized tachyons, whatever happens when they condense should initially 
be confined to the region in which they are localized. This gives the researcher a better 
chance of following the process. 

Second, the problem of tachyon condensation, which is a dynamical process, is often 
loosely equated with the problem of finding the ground state (or "true vacuum") of the 
system. Such an equation, while quite natural, presumes some mechanism for dissipating 
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the energy released in the condensation. For example, the particle in the toy example of 
section 1 was able to find its ground state by dissipating its extra energy to infinity in 
the form of radiation. Similarly, a system with tachyons localized in a non-compact space 
will be able to dump the energy released by their condensation into the surrounding space 
(presumably in the form of closed string radiation), and thereby relax to its ground state. 
In contrast, in the case of bulk closed string tachyons, conservation of energy severely 
complicates the issue of whether condensation leads to the true vacuum of the theory, if it 
has one. 

Finally, while world-sheet RG flow has proven to be such a powerful tool for studying 
both open and localized closed string tachyon condensation, it is unclear whether it has 
any simple relation to the dynamical process of tachyon condensation in the case of bulk 



closed string tachyons. The reason is the Zamolodchikov c-theorem |33[], which leads us 
to expect the central charge of the world-sheet theory to decrease under any flow that is 
homogeneous in the target space. On the other hand, in any spacetime process like tachyon 
condensation it is pegged at c = 15 or 26; after all, a spacetime process from the point of 
view of the world-sheet is just another c = 15 or 26 conformal field theory. 

In the last section of this review we will return to a brief discussion of the problem 
of bulk tachyon condensation, including a possible way around the c-theorem. 



3. Decay of C/Z n 
3.1. Introduction 

The C/Z n orbifold of type II string theory, which we will describe in this subsection, 
is an ideal laboratory for studying closed string tachyon condensation for several reasons. 
Its tachyons are localized on a co-dimension 2 surface, the orbifold fixed plane, far from 
which supersymmetry is restored. Furthermore, it is connected by smooth deformations to 
a supersymmetric vacuum, namely type II string theory in flat space. Finally, and perhaps 
most importantly, it is extremely simple. Because of these features, C/Z n has become a 
paradigm for the study of closed string tachyons ever since the seminal paper |T(| . 



The orbifold |7l],[72] is a c = 2 SCFT constructed by twisting the free theory, with 
its flat target space C, by a Z n subgroup of its U(l) rotational symmetry. Due to the 
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existence of spacetime fermions, this U(l) is a double cover of the geometrical SO (2) 
rotation group: the rotation angle has periodicity 4tt. Therefore the generator of the Z n 
subgroup is e 47r-lJ / n , where J is the angular momentum in this plane. If n is even then this 
subgroup includes e 27 " J = (— 1) F , where F is the (spacetime) fermion number, and among 
the twisted sectors are type fields, including a bulk tachyon. To avoid a discussion of 
bulk tachyons, we will take n odd. In this case it may be more useful to think of the 
element 

(-l) F e 27riJ/n (3.1) 

(the square root of e 4:7r ' lJ / ri ) as the group's generator. 

The target space of the C/Z n orbifold is a cone, rather like the space transverse to 
a cosmic string. ADM mass for co-dimension 2 objects is measured by the deficit angle at 
infinity; in this case the mass (or, more precisely, tension, since the orbifold is extended in 
seven dimensions) is (see e.g. |67|,[7^ 



M c/ z„ = ^ ( 1 - I ) ■ (3.2) 



k \ n 

Just as a cosmic string is a soliton of some matter-gravity equations of motion, the orbifold 
should be thought of a stringy soliton, a static solution to the full string equations of 
motion with a localized concentration of energy at the fixed point. The dependence of 
the mass ( |3.2|) on the gravitational coupling shows that the orbifold, like for example the 
NS5-brane, is a closed string soliton. Unlike the NS5-brane, however, it is non-BPS: no 
spacetime spinors are invariant under the rotation, so the spacetime supersymmetry is 
completely broken. 

The string spectrum can be derived straightforwardly in either the RNS or the Green- 
Schwarz formalism. Here we will sketch the derivation of the most important features using 
the RNS formalism, leaving the details to appendix A. Let us assume that it is the X 8 -X 9 
plane that is being orbifolded; for simplicity we will take the other eight world-sheet fields 
X 1 (i = 0, . . . , 7) to be free, so that the spacetime is M 7 ' 1 x C/Z n . It is convenient to pair 
X 8 and X 9 and their superpartners into complex combinations: 

Z=-^(X* + i X 9 ), ^ = ±(r + i^ 9 ), ^ = -L(^ 8 +^ 9 ). (3.3) 
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In the kth twisted sector, the periodicities of these fields are twisted, while the rest have 
their usual periodicities: 

Z(u + 2tt) = e- 27Tlk/n Z(w), X l {w + 2n) = X l {w) 

i)(w + 2n) = ±e- 27Tlk/n i)(w) : ^{w + 2tt) = ±^H, (3.4) 

$(w + 2tt) = ±e- 27Tlk/n 4>(w), $\w + 2tt) = ±^(w). 

The upper and lower signs refer respectively to R and NS periodicities. As usual the left- 
moving fermions must be either all R or all NS in order for the left-moving world-sheet 
supercurrent Tp = i^Jlj ot'^dX^ to be well defined; similarly for the right- movers. 

According to ( |3.4j ), the twisted strings must stretch in order to move away from the 
fixed point, so they do not have zero modes for moving in the orbifold directions. Thus the 
twisted string fields live "on" the co-dimension two fixed plane, in the same sense that open 
string fields live on the D-brane world-volume. Since the spectrum of untwisted strings is 
supersymmetric, the supersymmetry breaking is localized near the fixed point, and away 
from it the theory is locally type II strings in flat space. 

The twist number k is valued in Z n (i.e. k ~ k + n), and it is conserved (mod n) in 
interactions. It is therefore possible (and useful) to construct a symmetry for which it is 
the charge; this is the so-called "quantum" Z' n symmetry. Under an element fc' G ZJ,, the 
wave function of a string in twisted sector k G Z n is multiplied by e 27Tlkk / n . Of course, the 
original Z n symmetry by which we orbifolded is gone, since only states that are neutral 
under it survive the orbifold projection. 

The boundary conditions ( |3.4j ) shift the modings of the Z, ifi, and if) oscillators; in 
particular, the a and ip mode numbers are shifted by —k/n, while the a and ip mode 
numbers are shifted by k/n. A straightforward computation gives the total zero-point 
energy in the NS (l — \k\/n), where in this paragraph we choose the twist number 

k to lie in the range —n/2 < k < n/2. On the other hand, world-sheet supersymmetry 
is unbroken by the R boundary conditions for all k, guaranteeing the vanishing of the 
zero-point energy. Any tachyons must therefore be NS-NS states. 

Usually the type II GSO projection projects out the NS ground state, but here the 
following useful rule of thumb comes into play: When twisting by a symmetry involving 
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(— 1) F , the GSO projection gets reversed in the odd twisted sectors. (Recall for example 
the Z 2 orbifold of the type II string by (— 1) F itself, which produces the type string, 
with the (NS— ,NS— ) and (R— ,R±) states arising in the twisted sector.) According to this 
rule, which will be rigorously justified for the case of C/Z n in appendix A, the ground 
state is projected out for even k but in for odd k. For even k we must act on it with 
a fermionic raising operator such as ^-i/2-fc/nV>-i/2-k/n or ^-i/2+k/ n ip-i/2+k/n- The 
lowest projected-in state has mass given by 

2 r (1 - m) k odd 

ml = —A \ n r , (|*|<n/2). (3-5) 

a [ — , k even 

(This is the mass with respect to the remaining 7 + 1 dimensional Poincare symmetry of 
the orbifold.) We see that every twisted sector contains at least one tachyon. Those with 
k odd and \k\/n < 1/3 also contain other tachyons, obtained by acting on the lowest one 
with the bosonic raising operator a z _ k ^ n a_ k / n (k > 0) or af/ n af/ n (k < 0). 

We will refer to the vertex operator for the lowest tachyon with twist k as Vk (we 
will not need the precise expression here; it may be found for example in ||74j| ) , and the 
corresponding spacetime field as T^. Both are complex (recall that they are charged under 
the quantum symmetry), and their complex conjugates are 

V k * = T* = T_ k . (3.6) 

The fundamental question we would like to answer is, What happens when these 
tachyons condense? Because they are localized near the orbifold fixed point, when they 
condense the effect should initially only be felt in that region. There are various scenarios 
one could consider: a throat or a baby universe could be created, or a tear or bubble of 
nothing could open up. A less dramatic possibility is that the topology of the spacetime 
does not change, but instead its geometry simply smooths out, with the curvature sin- 
gularity at the fixed point replaced by a smooth cap. If this cap then expands into the 
surrounding space, diluting the curvature and eventually growing to infinite size, then we 
would say that the endpoint of the tachyon condensation is flat space (although, strictly 
speaking, due to the non-compactness of the space that "endpoint" would not be reached 
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in any finite time). This last scenario is closely analogous to what happens when tachyons 
on D-branes condense: at the endpoint supersymmetry is restored, and those open strings 
ending on the decaying branes (the analogues of the twisted strings) are lifted out of the 
perturbative spectrum, while any bulk open strings (the analogues of the untwisted strings) 
persist. 



This scenario was first conjectured to be the correct one by the authors of ||70|| , and 
is therefore referred to as the "APS conjecture". They gave substantial evidence in its 
favor, and quite a bit more has accumulated since then. In this section we will give a 
brief overview of some of this evidence. The strongest piece is an exact construction of the 
RG trajectory of the world-sheet theory perturbed by the most relevant tachyon vertex 
operators, the ones with k = ±1. As shown in ||75|| , this flow has as its IR fixed point the 
sigma model onto the plane. This construction is described in subsection 3.2. An exact 
solution for the flow can also be obtained in the sigma model limit, which gives intuition 
about how the flow proceeds at late stages when the geometry becomes smooth and the 
curvatures are small in string units |TS7| . This solution is described in subsection 3.3. 

As explained in section 2, however, in the closed string context the relation between 
world-sheet RG flow and the actual dynamical tachyon condensation process is conjectural, 
even more so than in the open string context, so the above results on RG flow cannot be 
taken as sure indicators of the endpoint of the condensation. Unfortunately there are fewer 
results about the time evolution of the system, which is likely to be quite complicated. Al- 
though the technology does not yet exist to follow the dynamics on time scales comparable 
to the string length, it is possible to gain some support for the conjecture by looking at its 
behavior on much shorter and much longer time scales. When the tachyon has a very small 
expectation value, we can see how the geometry is deformed as seen by a D-brane probe; 
the result [[f0| , |76[| is that the tip of the cone is indeed smoothed out, and the size of the 
cap grows with the tachyon expectation value. This analysis is described in subsection 3.4. 
Furthermore, if a tear or other singularity does not form in the space, then the curvature 
scales will eventually become large enough for supergravity to be valid. At that point, as 
explained in subsection 3.5, we can confidently predict the future evolution of the system, 
and show that a bubble of flat space expanding at the speed of light is its inevitable late 



time behavior 77,78 
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Although we will not review it here, there has also been progress towards finding an 
effective potential for the tachyons. One such potential was proposed in J79| on the basis 
of the so-called tt* geometry for the chiral ring of the system. A level truncation scheme 
closely analogous to that described in subsection 2.2 was applied to the non-polynomial 
closed string field theory to find critical points of the tachyon potential for C/Z n orbifolds 
of the bosonic string [^6|. Finally, off-shell interactions were deduced on the basis of 
scattering amplitudes for light tachyons in C/Z n at large n [[74] (see also |8(|). 

It should be noted that the evidence presented here is strong but not conclusive in 
favor of the APS conjecture, and alternative proposals do exist, although we will not have 



time to review them here. In particular, the authors of [76] have argued based on an 
analysis of the theory's chiral ring that, at least under world-sheet RG flow, the spacetime 
does in fact undergo a topology change, becoming a disjoint union of flat space (with type 
II strings) and several cones (with type strings). 

3.2. RG flow: GLSM analysis 

Although the C/Z n orbifold breaks spacetime supersymmetry, it preserves M = (2, 2) 
supersymmetry on the world-sheet. Furthermore, the most relevant operator in each 
twisted sector is a chiral primary operator. We can therefore use the power of super- 
symmetry to study world-sheet RG flows seeded by these vertex operators. This is what 
Vafa did in his construction ]75|] of these RG flows using a gauged linear sigma model 
(GLSM), which we will review in this subsection. He also showed, using Hori-Vafa mirror 
symmetry ||81|[ , that the process has an elegant dual description in terms of a Landau- 



Ginzburg theory, which we will not review here. 

The coupling constant e for a gauge theory in two dimensions has units of mass, so 
the theory is free in the ultraviolet. Typically, one uses a GLSM to construct an interesting 



conformal field theory as its infrared fixed point f82;] . In this case we will construct an 
entire RG flow, not just a single fixed point, and the strategy is rather clever. We will 
choose a GLSM whose infrared fixed point is C, so we have a flow from a free gauge 
theory in the UV to a free sigma model in the IR. Moreover, by construction this flow will 
pass close to the unstable C/Z n fixed point, and by taking an appropriate limit of the 
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parameters in the GSLM we can make it pass right through that fixed point. In this limit 
the flow actually breaks into two consecutive flows: the first from the free gauge theory to 
C/Z n , and the second (which is the one of interest to us) from C/Z n to C. Finally, we 
will show that in the initial stages of this second flow the deviations from the C/Z n CFT 
are precisely those we would get by perturbing it by the most relevant vertex operator, 
namely the chiral primary operators V\ and V-\. This proves that the infrared physics of 
the C/Z n theory perturbed by these operators is indeed the free sigma model. 

The GLSM we need is very simple. It has a U(l) gauge group and two chiral 
superfields $1 and The subscripts indicate their respective charges, so that under 

gauge transformations they transform as 

$ x -> e ia $ l7 -> e" ma $_ n . (3.7) 

The gauge field t> M is the lowest component of a vector superfield V (working in Wess- 
Zumino gauge), and the field strength vqi resides in the super-field strength E, which is a 
twisted chiral superfield. The action is 



S = J- / d 2 a 

Z7T 



d 4 f) ( $ ie v $i + $_ n e- nV $_ n - t^|£| 2 ) - Rot I (WE 



(3.f 



The complex coupling constant t = r + i9 parameterizes both the Fayet-Ilipoulos coupling 
r and the theta angle. The quantum theory generated by ( |3.8| ) is super-renormalizable; in 
fact, thanks to the high degree of super symmetry, all correlators are rendered finite after 
a simple one-loop renormalization of the FI term: 

r(A) = -(n-l)ln(Ay (3.9) 



\Ao/ 

where Aq is defined to be the energy scale at which r vanishes. 

Now let us consider the low energy dynamics of ( |3.8| ). The terms involving the 
auxiliary gauge field D are 

i / dV (S + jD(lvPl ' 2 " nlip ~ nl2 ~ r) ) ' (3 ' 10) 



5 To follow the argument as presented here it is not necessary to be familiar with the details 
of J\f — (2, 2) supersymmetry, such as the definitions of the various types of superfields, although 
certain points will have to be taken on faith. The necessary background material is explained in 

mm. 
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where ipi, (f- n are the lowest components of $1, $_ n respectively. At energies small 
compared to e we may restrict attention to fluctuations on the manifold of supersymmetric, 
zero-energy configurations satisfying 

~ = - n\ip- n \ 2 - r = 0. (3.11) 

The moduli space of classical vacua is parameterized by ipi and <p- n constrained by ( |3.11| ) , 
modulo gauge transformations: the dynamics is that of a one complex dimensional super- 
symmetric sigma model. 

According to (|01), at energies small compared to Ao, the FI parameter r is positive 
and large. Since according to ( |3.11|) ip\ must be non-zero, we can use the gauge freedom 
to make it real and positive, and use (|3.11|) to solve for it in terms of ip- n - 



(fx = v / 7i|( ) c_ n | 2 + r. (3.12) 

We then plug this solution into the kinetic terms, 

- 1 - f tPai-WtpiVufr-iyv-nVrf-n), (3.13) 
Zn J 

and classically integrate out the gauge boson v^. (When r is large ipi is also large, so the 
gauge boson is very massive, and since the gauge theory is free in the UV the classical 
approximation is valid in this limit.) We find that the dynamics in the limit r — > oo 
is governed by the flat sigma model S = — / d 2 a d^ip- n d^ip- n . (Appropriate GSO 
projections can also be imposed, although we won't describe the details here. Suffice it to 
say that the GLSM possesses chiral Z2 R-symmetries that reduce at the conformal fixed 
points to the operators, explained in appendix A, used to impose the GSO projections.) 

If Ao e then there also exists an intermediate range of energy scales Ao A ^ e 
for which ( |3.11| ) is valid but r is large and negative. In this case it is f- n that we can 
make real and positive and integrate out along with the gauge field. Now ipi parametrizes 
the target space with a flat metric. Note, however, that our gauge choice leaves unfixed a 
residual Z n group of gauge transformations, generated by 

(Pi -> e 2 ^/>L (3.14) 
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Consequently the theory in this range of energy scales is nothing but the C/Z n conformal 
field theory. In order to make this statement exact, we need to take the limit r — > — oo, 
while keeping the energies small compared to e. Thus in the limit e/Ao — > oo, the RG flow 
separates into two stages: in the first the theory flows from a free gauge theory to C/Z n , 
and in the second from C/Z n to C. 

In order to make the story complete, we need to show that this second flow is precisely 
the one that is seeded by a tachyon vertex operator of the C/Z n sigma model, and in 
particular by V\ and V-\. We first note that, since the flow preserves supersymmetry, it 
must be seeded by one of the chiral primary operators. To find out which one, let us see 
how the physics as described by the GLSM changes as r increases from minus infinity. 
When it is large and negative but finite, the gauge theory admits fractional instantons 
||82j| , vortices in which the phase of <p- n winds at infinity on the (Euclidean) world-sheet. 
In such a configuration, we cannot (as we did in the r — > — oo limit above) make (p~ n 
everywhere real and positive. The path integral includes a sum over sectors containing 
arbitrary numbers of instantons and anti-instantons, and integrals over their positions. 
Now, due to the configuration of the gauge field, the phase of (pi jumps by —2%/n upon 
circling a fractional instanton. Therefore the effect of an instanton on a correlator is 
reproduced in the C/Z n sigma model by the insertion of V\, which contains a twist field 
that enforces precisely this behavior, i.e. (|3.4| ) (with k = 1). The sum over instantons and 
anti-instantons that occurs in the GLSM path integral is reproduced by perturbing the 
C/Z n sigma model action by 



The coefficient of V\ is the GLSM action of a single instanton. 

By replacing the chiral superfield $1 in the GLSM by one of charge k, we can see 
what happens when the RG flow is seeded by Vk and V-k, rather than V\ and V-\. The 
running of r (|3.9|) becomes 




(3.15) 




(3.16) 



so we must require k < n. The D-term constraint ( |3.11| ) becomes 



k\(fk\ 2 — nl^- 



r = 0, 



(3.17) 
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so we must also require k > 0. Finally, we must require k to be odd in order to be able to 
impose a GSO projection. (Note that these restrictions imply no loss of generality on the 
choice of tachyon vertex operator.) Then, following the same logic as above, we find that 
the IR limit of the RG flow is the lower-order orbifold C/Z^. 

3.3. RG flow: gravity regime 

The argument of the previous subsection showed that the endpoint of RG flow seeded 
by the tachyon vertex operator V\ is flat space. However, the question of how the flow 
effected the transformation of the cone into the plane remained a bit obscure. At early 
RG "times", the C/Z n CFT is perturbed by the tachyon vertex operator, which is a twist 
field and so non-local in spacetime, so we should not expect any geometric picture. In the 
late stages of the flow, in order to find out what is happening to the geometry we should 
carefully integrate out the gauge field at large but finite values of r. It turns out that 
the metric for (p- n is actually flat only in the region |v?- n | 2 <C r, and remains conical for 
|<£>_ n | 2 ^> r (see appendix B of |83| for a detailed discussion). As r grows according to (|3.9|), 
this flat region grows in size, so that from the point of view of an observer at any fixed 
distance from the origin the space does indeed eventually become flat (although strictly 
speaking the asymptotic geometry never changes). This is a satisfying picture because it 
respects the target space quasi-locality property that world-sheet RG flow inherits from 
string theory. 

At late RG "times" , we therefore have a non-linear sigma model whose target space 
geometry is a cone with an expanding smooth cap. In this regime, the correct tool for 
quantitatively following the flow is not the GLSM, but rather the one-loop sigma-model 
beta functions. The beta function equation for the metric is the Ricci flow equation: 

dC 

= -a'R^ + + V^ M , (3.18) 

where A = — In A is the RG "time" . The vector £ is arbitrary, representing the freedom to 
make continuous changes of target space coordinates along the flow. We need only concern 
ourselves with the flow of the metric, since the S-field must be trivial because we are in 
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two dimensions. The dilaton may be doing something non-trivial, but inspection of the 
beta functions shows that the dilaton has no effect on the flow of the metric. 

In principle solving this equation requires knowing the initial conditions, that is the 
geometry of the target space at the value of A where string effects first become negligible. 
However, since Ricci flow is diffusive in character, we would not actually expect the late 
time behavior to depend very much on the details of those initial conditions. Consider 
for example the heat equation, another diffusive first-order PDE. It has the property that 
for any initial conditions (with suitable asymptotics), after a sufficiently long time the 
distribution will become approximately Gaussian. Why a Gaussian rather than some other 
function? Because a Gaussian is the only function that retains its shape under diffusion: 
over time it simply becomes a broader and flatter Gaussian. We can similarly expect that, 
regardless of the details of the initial conditions, the target space will after some time 
evolve into a geometry that changes under Ricci flow ( |3.18|) only by an overall scaling (it 
is important that the conical asymptotic geometry is self-similar, otherwise this would not 
be possible). 

There is in fact a unique smooth, rotationally symmetric two-dimensional geometry 
that is asymptotically conical with a given deficit angle, and that changes under Ricci flow 
only by an overall rescaling. It is |J7J 

ds 2 = A (j 2 dr 2 + ^d6 2 ^j , £ r = l -rf, (3.19) 
or by making the A-dependent change of coordinates r = p/VX, 

ds 2 = fdp 2 + P - 2 de 2 , i P = ±pf(l - f). (3.20) 
n z 2A 

The function / interpolates smoothly between / = 1/n at r = and / = 1 at r = oo: 

-l 

(3.21) 

where W is the product log function (the inverse function of xe x ). 

The RG flow parameter A in this solution ranges only from to oo. The limits A — > 
and A — ► oo are best taken at fixed p (rather than fixed r) , giving respectively the cone and 
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l + ^((n-l) exp (n - 1 - ^ J 



Fig. 2: Cross section of an embedding in R 3 of the geometry (|3.19|) , (|3.20| ) 
in the case n = 3. 

the plane. For finite A, as shown in fig. 2, the geometry is conical at infinity but smooth at 



the origin, with typical radius of curvature V Act'. Thus the curvature which was initially 
concentrated at the origin eventually diffuses over an infinite area. Note that we can only 
trust this solution for A > 1, when the curvature is small enough for eq. ( |3.18|) to be valid, 



so there is no significance to the fact that we cannot continue this solution to negative A. 

In the previous subsection, we saw that the flow seeded by the tachyon vertex operator 
Vjt leads to the lower-order orbifold C/Z&. The solution described in this subsection can 
be generalized to describe such a flow simply by replacing n by n/k in the definition of / 

3.4- Time evolution: substringy regime 

We now turn to the classical spacetime dynamics of tachyon condensation in C/Z n . 
In principle, the proper framework for studying these dynamics is closed string field theory. 
This subject is still in its infancy, however, and a direct attack remains a problem for the 
future. Instead, we shall find two opposite limits for which present tools can help us infer 
important qualitative features of the dynamics. In this subsection we will discuss the very 
early dynamics, before non-linear effects kick in, and in the next the very late dynamics, 
after stringy effects are washed away. 

The classical dynamics of closed string fields does not depend on the string coupling, 
which appears in the action only in an overall prefactor. The supergravity actions are 
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familiar examples of this, but it is true also for closed string tachyons such as the ones we 
are studying: 



S T = -z I dPx 

K 



(n-l)/2 

{d^T k d»T_ k + m 2 k T k T_ k ) + L int 

k=i 



(3.22) 



Here L- irit includes the tachyons' interactions with each other as well as with the other 
closed string fields. The coefficients of the terms in Li n t (as well as m\) are of order 1 in 
string units. Therefore the linearized equation of motion for T k , whose solution is 

T k (x°) = T fe (0) cosh(|m fc |x°) + -^t fc (0) sinh(|m fc |x°), (3.23) 

is valid as long as T 2 <C 1 and ol'T^ <C 1. This will be true for a time that is logarithmic 
in Tfc(O) and T k (0), so if we tune the initial values and velocities to be very small, then 
( p.23|) will be valid over many string times. 

Simply writing down the solution ( |3.23| ), however, is not very satisfying. We really 
want to know what is happening to the spacetime while the tachyon field is growing 



according to (|3.23| ) . How is its geometry changing? This is not a sensible question from the 
point of view of the string: the world-sheet theory is the C/Z n orbifold theory perturbed 
by the marginal operators T k (x°)V k , which is simply not a sigma model. Luckily, there is 
another object in the theory we can use to probe the geometry: the D-brane. D-branes 
are elementary yet very massive (at weak coupling), and therefore good at probing very 
short spacetime distances The theory on a D-brane localized in a space such as C/Z n 
reduces at low energies to a moduli space, and the geometry of that moduli space is how the 
brane "sees" the space. In the case of C/Z n , the moduli space is simply C/Z n itself, as we 
will show below. However, when the tachyon field is turned on, the theory gets perturbed 
and as a result the moduli space is deformed. We will see that it remains asymptotically 
conical, but with the singularity replaced by a smooth cap whose area is proportional to 
the value of the tachyon field. We will merely sketch the calculations here; details can be 
found in the papers [ff0| , |76[| . 

The theory on a D-brane in C/Z n is the theory on n D-branes in C, projected down 
to the Z n -invariant states (there are no twisted sectors, because we are dealing with open 
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strings). In the massless sector, the result is a U(l) n GLSM with n complex transverse 
scalars and n fermions. (If the brane has other transverse directions besides the C/Z n 
ones, then there will also be other transverse scalars, but we are not interested in those.) 
Each scalar is a bi-fundamental under a different pair of U(l)s. The pattern of charges is 
best summarized by the quiver diagram shown in fig. 3. Each node j represents a different 
U(l), whose gauge field we will denote Ajj. (The indices j are defined mod n.) Each 
arrow, connecting a node j to a neighboring one j + 1, represents a scalar Zj j+i, which 
has charge +1 under U(l)j and —1 under U(l)j+i. The fermions are also bi- fundamentals, 
but with a different quiver diagram. 




Fig. 3: Quiver diagram for the scalars of the C/Z n probe theory. 

Unlike the theories we studied in subsection 3.2, this GLSM is non-supersymmetric: 
supersymmetry has been broken by the orbifold projection, just as it was in the closed 
string theory. However, its classical action is still determined by supersymmetry, since 
it is simply an orbifolded version of a supersymmetric theory (and there are no twisted 
sectors). In particular, in addition to their gauge interactions, the scalars have a D-term 
potential: 

1 n 

^^(feiMViJ 2 ) 2 - (3.24) 

i=i 

To explain the derivation of the moduli space from this potential, we can do no better 
than to quote the original reference [|70| (subsection 2.2): 
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The vanishing of the potential [ fl3.24|) 1 implies that the magnitude Zjj + i is 
independent of j. Of the n U(l) symmetries, the diagonal decouples. The 
remaining n — 1 gauge symmetries can be used to set the phases of the Zjj+i 
equal as well, so that the common value Zjj+i = Z parametrizes the branch. 
The branch is thus two-dimensional, as it should be for the interpretation of a 
probe. The gauge choice leaves unfixed a Z n gauge symmetry, whose generator 
is exp(—2ni^2jjQj/n). This identifies Z — > e 27ri//n Z', so the probe moduli 
space is indeed the C/Z n spacetime. 
The authors then proceed to check that the metric on this moduli space, obtained by 
integrating out the massive gauge bosons, is indeed that of C/Z n . 

Singularities in moduli spaces are typically associated with points of enhanced gauge 
symmetry, and this case is no exception: at the origin all of the Zjj + i vanish simultaneously 
and the U(l) n ~ 1 gauge symmetry is restored. The Zjj + i are related to each other by 
the Z' n quantum symmetry of the orbifold, which manifests itself in the probe theory as 
the global symmetry generated by the permutation j —> j + 1 (mod n), i.e. the discrete 
rotational symmetry of the quiver diagram (fig. 3). The Z' n symmetry is thus responsible 
for the fact that the Zjj+i all vanish at the same point on the moduli space, and therefore 
for the conical singularity appearing at that point. By this logic, we would expect that 
turning on tachyons and breaking the symmetry should make the singularity go away. 

To test this conclusion, we should see how the operator ^ fc T&Vfc added to the world- 
sheet Lagrangian changes the open string dynamics on the D-brane, in particular the low 



energy gauge theory. This was done by the authors of [ 7(| , who calculated the disk diagram 
with two scalar vertex operators on the boundary and a tachyon vertex operator in the 
interior. They found that the scalar potential (|3.24| ) is changed to quadratic order by the 
addition of a term 

Av = - Eg d^w i 2 - i^-^-i 2 ) > ( 3 - 25 ) 

j 

where Q are the discrete Fourier transform of the tachyon vevs T/^i 

„ n-l 

(j = ^J2 e ~ 27TlJh/n (-v kT ^ ( 3 - 26 ) 

k=i 



6 The reader may object that we are treating the Tk as constants, whereas in fact they are 
world-sheet operators because they depend on x° . In this sense the calculation that follows should 
be taken as providing heuristic support for the smoothing out of the cone, since in practice the Q 
parameters will be varying in time too fast for the moduli space approximation to be valid. One 
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with C is a real constant. (Note that the relation T£ = T n _k guarantees that the Q are 
real.) Adding (|3.25|) to Q3.24|) deforms the "D-term constraint" to be 



Z 



'j,j+i| 2 



z 



'3,3-1 



2 



0- 



(3.27) 



In particular, for generic tachyon vevs all the Zjj + i must be different. If only one of them 
can vanish at a time, then there will be no point of enhanced symmetry on the moduli 



Here n(r) is a function that depends on the Q parameters; when they vanish it equals n 
identically, but for generic values of the Q it interpolates smoothly between n(0) — 1 and 
n(oo) = n. The curvature radius of the smooth cap goes like the square root of the Q 
parameters, and hence of the value of the tachyon fields. 

3.5. Time evolution: gravity regime 

What happens during the stringy phase of the decay, when the tachyon fields 
and their time derivatives are string scale? Lacking the tools for a quantitative analysis in 
this regime, let us see how far we can get by general reasoning. First we recall that, from 
the spacetime point of view, the orbifold fixed point is a localized positive-energy object, 
a soliton of the closed string field theory. Furthermore, since gravity does not act as a 
binding force on co-dimension 2 objects, it is not surprising that this configuration should 
be unstable (besides the fact that it's non-BPS). When the soliton decays, nothing stops its 
energy from diffusing outward (barring a cataclysmic event such as a the formation of a tear 
in spacetime) . The energy density is at first so high that we may expect it to be transformed 
into very massive strings, as occurs in the decay of D-branes discussed in subsection 2.4. 

way around this problem is to give the tachyons not a time- but a space-dependence, for example 
T k (x 1 )=T k (0) cosdrnfeja; 1 ). A D-brane localized in the x 1 direction would be able to resolve this 
x 1 dependence, and its moduli space would be a fibration over the x 1 direction of the one we find 
for the orbifold directions. 



space and therefore no singularity. Indeed, the authors of [70] showed this to be the case 



by integrating out the gauge bosons and finding the metric 




(3.28) 
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These strings will eventually decay into massless ones that fly away from the origin at 
the speed of light. When this happens, and once the energy densities and curvatures 
are below the string scale, then the low energy effective theory — supergravity — becomes 
an appropriate description. We re-emerge into the light, a regime where a quantitative 
analysis is once again possible. 

In this subsection we will study the supergravity equations of motion for this system, 
and find that they are surprisingly tractable, particularly considering the fact that we are 
dealing with a time-dependent, non-supersymmetric process. The discussion summarizes 
the paper |73], which should be consulted for details; see also |f77|| . We first show that the 
dynamics reduces to a massless scalar, the dilaton, minimally coupled to 2 + 1 gravity. 
Recalling that gravitons cannot go on-shell and carry energy in 2 + 1 dimensions, we see 
that the dilaton plays an indispensible role, namely to carry the energy released in the 
decay off to infinity. Usually in general relativity such coupled matter-gravity equations 
of motion are very difficult to solve, due to the problem of gravitational back-reaction. 
However, we will see in this case by using the rotational symmetry and making a judicious 
choice of coordinate system that the equation of motion for the dilaton decouples from the 
back-reaction of the geometry: it is the same as that for a dilaton in Minkowski space. 
This allows the equations to be solved in two steps: first, the dilaton equation of motion 
is straightforwardly solved, then the back-reaction of the geometry is found by solving a 
first-order equation for a metric coefficient that is sourced by the dilaton' s energy. Among 
other things, this method guarantees that under non-singular initial conditions the energy 
will indeed radiate to infinity and no singularity can form. 

Let us begin by showing that the dilaton and metric are the only fields we need to 
consider. Since the tachyons are all in the NS-NS sector, we can consistently truncate to 
that sector (remember, we are considering a classical process). We can also consistently 
truncate the dynamics to 2 + 1 dimensions, namely the two of the orbifold plus time |7(J . 
(The CFT describing the extra seven dimensions is coupled to the 2 + 1 dimensional CFT 
neither in the initial configuration nor by the tachyon vertex operator, and therefore decou- 
ples entirely.) Finally, the equation of motion for the S-field requires its field strength to be 
a constant multiple of the volume form on the unreduced 2 + 1 dimensions. This constant 
vanishes in the initial orbifold configuration, and must therefore vanish everywhere. 
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The Einstein equation can be written 

iV = 49 M $ct$ (3.29) 

(we are working in Einstein frame). By rotational invariance the 9—6 component of this 

equation is Rqq = 0, and one can show that the general solution is a metric of the form 

ds 2 = e 2a ^ r \-dt 2 +dr 2 ) + r 2 d6 2 . (3.30) 

The static orbifold is described by a constant value of a: 

CT = lnn (C/Z„). (3.31) 



The great advantage of the metric (|3.30|) is that the unknown function a drops out of the 



dilaton's equation of motion (assuming again that it doesn't depend on 9); just as in flat 
space, we have 

d 2 t - -d r rd r j $ = 0. (3.32) 



r 

This linear equation can be straightforwardly solved using standard methods. One im- 
plication of it is that, regardless of what happens during the decay, the dilaton will at 
late times return to its original value. Given a solution to (|3.32| ) , the back- reaction of the 
dilaton's energy on the geometry can be determined by the remaining components of the 
Einstein equation (|3.29|) : 



8 t a = 4rd t $d r $, d r a = 2r ((d t <S>) 2 + (d r $) 2 ) . (3.33) 

As an example, fig. 4 shows a numerical solution (obtained using Mathematica) for 
the decay of C/Z3 to the plane. The decay occurs at t = 0, and in order to simulate the 
energy being dumped from the defect into the dilaton, a source term was added to the 
right hand side of ( |3.32j ): 

d 2 - -d r rd r ) $ = (3e~ t2 - r2 , (3.34) 
r / 

where the normalization (3 = 1.2 was set by requiring a to decrease by In 3 from t = —00 to 
t = 00. We see that the outgoing dilaton wave carries with it the cone's curvature, leaving 
behind an expanding flat disk. Note that the geometry at late times is qualitatively 
different from that at late "times" in the world-sheet RG flow (fig. 2), which is much 
rounder, reflecting the difference between the first- and second-order equations governing 
the two different types of evolution. 
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r 



Fig. 4: Numerical simulation of decay of C/Z3 to the plane, using the source 
function ( |3.34j ). Each of the four figures shows a constant t slice, at t = —3 
(top left), t = 3 (top right), t = 9 (bottom left), and t = 15 (bottom right). 
For each t the field configuration $(t, r) is plotted above a cross-section of an 
embedding in R 3 of the geometry. 
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4. Decay of Twisted Circles 

4-1. Introduction 

From the example of the C/Z n , it might appear that in order to localize closed string 
tachyons it is necessary to have some singularity in the spacetime, a defect on which the 
tachyons live. In fact this is not the shown by the twisted circle compactifications 

that are the subject of this section. The twisted circle is an SCFT with a three dimensional 
target space, constructed by twisting the free c = 3 sigma model by a geometrical symmetry 
of its R 3 = C x R target space. Whereas twisting by a discrete translation e 2niRpy , where 
y is the coordinate in the R direction, would produce the usual circle compactification 
(times the trivial plane C), the twisted circle is obtained by combining this translation 
with a rotation of the plane: 

e 2TTi((J+R Py ) ^ 

where J is the angular momentum in the C direction and £ is a real parameter which is 
defined mod 2, £ ~ £ + 2. This combined symmetry transformation acts freely on C x R; 
modding out by it leaves a non-singular geometry that should be thought of as a fibration 
of a plane over a circle: on going around the circle, the plane gets rotated through an angle 
27rC- Spacetime supersymmetry is broken as long as C 7^ (mod 2). 

With two parameters, the circle radius R and the twist parameter this model is 
fairly versatile, reducing in special cases other interesting models. For example, at ( = 1 the 
symmetry Ql.l|) becomes (— e 2 ^ lR Py _ i n this case the plane C factors out trivially, but 
the circle has anti-periodic boundary conditions for fermionic fields; this type of circle goes 
by the various names, including Scherk-Schwarz compactification, Rohm compactification, 
thermal circle, and interpolating orbifold. Below we will see that, in a different limit, the 
twisted circle reduces to the C/Z n orbifolds studied in the previous section. 

At generic R and £, the twisted circle is also dual to some other interesting spacetimes. 
For example, Kaluza-Klein reduction along the U{1) isometry generated by (J+Rp y yields 
a Melvin configuration of the Kaluza-Klein gauge field. On the other hand, T-dualizing 
along this isometry yields a co-dimension two flux-brane of the NS-NS 3-form flux. 
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The spectrum of type II strings on the twisted circle is straightforward to derive 
85| , |86l , |87j| (see [^8[|89| for a brief review). The lightest twisted field has a mass given by 



™ 2 = ^2~ 2 3 (ICI<1) (4-2) 

(the restriction on £ is for notational convenience; since £ ~ £ + 2, it implies no loss of 
generality). Thus the system is perturbatively unstable if and only if 

ICI > (4.3) 

Even when the theory is perturbatively stable, however, as long as supersymmetry 
is broken it will have a non-perturbative instability. For example, the Scherk-Schwarz 
compactification (£ = 1) was shown by Witten |59| to decay via a bounce to nothing at 
all. The non-perturbative decay of the Melvin dual to the twisted circle by nucleation of 
branes has also been studied |Mf5Tpi|, but there is disagreement in the literature about 
the results. 

When the twist parameter is rational, we can express it as £ = 2m/n, with n > 
and m and n relatively prime. In this case the twisted circle can be constructed by a Z n 
twist of C x S^ R , where S^ R denotes a normal circle of radius nR. This is convenient, 
since it means we have only a finite number (n — 1) of twisted sectors. If n is even (and 
therefore m is odd) then the orbifold group includes (— l) F e 7rmi?PH . The strings twisted by 
this element see the space as a Scherk-Schwarz circle of radius nR/2 times a plane, and 
are therefore delocalized, just as in the case of C/Z n at even n. We will therefore take n 
odd; the result is that strings in all twisted sectors are localized, since they must stretch in 
order to move away from the origin of the plane. For simplicity we will restrict ourselves 
further in this section to the case m = (n + l)/2, i.e. to the orbifold generated by 

r_]\F e %iri(J/n+Rp y ) _ /^^\ 

This special case of the twisted circle is still versatile enough to have some interesting 
limits. In the limit n — > oo with R fixed, it goes over to the Scherk-Schwarz circle times 
the plane. On the other hand, in the limit R — > with n fixed, it goes over to our familiar 
C/Z n . The way to see this is to note that the original circle (of radius nR) is becoming very 
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small. A T-duality yields a circle of radius a' /nR — > oo times the plane. Only strings with 
zero winding, i.e. p y = 0, survive, so the orbifold action ( |4.4| ) is reduced to (— l) F e 27riJ / n , 
and we have C/Z n x R. Finally, if we simultaneously take n —>■ oo and R — > holding 
nR fixed, we end up, after a T-duality with respect to J/n + Rp y , with an H flux-brane 
in type theory. 

It is reasonable to conjecture by analogy with the C/Z n system that the condensation 
of the tachyons in this orbifold leads to the orbifold being undone, leaving the supersym- 
metric C x S^ R background. The main evidence for this conjecture comes not from time 
evolution or world-sheet RG flow, but from a process that can be considered somewhere 
in between the two, namely Liouville flow [p5| . Following ||39| , in the next subsection 
we will construct a CFT with a four-dimensional target space, one of whose dimensions 
is a Liouville direction. (See also for different approaches to the same problem.) 



The other three directions are fibered over this Liouville direction in such a way that in 
one limit — the "UV" end — they form the twisted circle, and at the other limit — the "IR" 
end — they are simply C x S^ R . In subsection 4.3 we will take a closer look at how the 
geometry changes along the flow — which cycles disappear, and how. Finally, in subsection 
4.4 we will use this information to deduce what happens to stable branes, both regular 
and fractional, when the background they are living on decays. 

4-2. GLSM construction of the Liouville flow 

The Liouville flow CFT is straightforwardly constructed using the GLSM techniqe. 
We will sketch it here; for details, see |8{j|j . The GLSM we need is very similar to the 
one we used in subsection 3.2. It has a (/(l) gauge group and two chiral superfields $i 
and $_ n with charges 1 and — n respectively. However, in addition it has an axionic field 
P = Pi + iP2- The target space for this field is a cylinder, P ~ P + 27ri, and under a gauge 
transformation with gauge parameter e ia it is translated rather than rotated: 

P^P + ia. (4.5) 

The action for this system is 



S = — I d 2 ad 4 9 
2tt 



^ 1 e v ^ l + $_ n e" nV $_ n + hp + P + V) 2 - -^|£| 2 

4 2e z 
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(4.6) 



where k is a free parameter that will determine the size of the S . As in the GLSM of 
subsection 5.1, the low energy dynamics is described by a sigma model onto the manifold 
of supersymmetric zero-energy configurations, modulo gauge equivalences. The D-term 
condition is 

-^ = \( Pl \ 2 -n\<p- n \ 2 + kPi = 0. (4.7) 

Note that Pi plays the role of a dynamical FI term. (As in subsection 3.2, in order to 
impose the type II GSO projection on the low energy theory we should mod this GLSM 
out by an appropriate Z2 R-symmetry.) 

At positive values of Pi, ip- n must get a vev, so the gauge group is Higgsed down 



to Z n . Since <f>i parametrizes C and P2 parametrizes an S 1 of radius Vka', the target 
space is the twisted circle (C x S^ R )/Z n , with R = Vct'k/n. That the metric is indeed 
that of (C x 5'^ i? )/Z n can be checked as usual by integrating out the gauge bosons |83 



This metric will only be valid at large Pi, since then the gauge bosons are very massive 
and quantum effects are suppressed. On the other hand, when Pi is negative it is ip\ that 
gets a vev, and the gauge group is completely broken. The target space here is simply 
C x S^r, with this C parametrized by <£>_ n . Again, the metric can be checked. 

In [89] it was argued that Pi may be regarded as a Liouville or world-sheet scale 
direction, with Pi — > 00 corresponding to the UV and Pi — ► —00 to the IR. Consequently, 
the change in the transverse geometry as Pi goes from infinity to minus infinity mimics 
their flow as the energy scale goes from the UV to the IR. Another way of thinking about 
it is that the coordinate —Pi can be regarded as the real time t after a Wick rotation. We 
conclude that the result of tachyon condensation in the twisted circle is that the Z n orbifold 
is lifted, and the theory decays into a normal, supersymmetric circle compactification. 

What does this result say about the various limits described in the last subsection? 
If we take n — > 00 with R fixed, then we would say that a Scherk-Schwarz circle decays 
perturbatively to non-compact space. Taking R — > holding n fixed, we find that C/Z n 
also decays to flat space, in agreement with the findings of the previous section. Finally, 
taking n — > 00 and R — > holding nR fixed, we find that the type flux-brane decays to 
a supersymmetric circle in type II theory (more precisely, OA would decay to IIB and OB 
to IIA). 
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4-3. Classical geometry of the Liouville flow 

Even though we have understood the beginning and final geometry of the Liouville 
flow in the previous subsection, it is interesting to examine its middle process in detail. 
This will give us an intuitive idea how the spacetime geometry will change under closed 
string tachyon condensation. In this subsection we will describe the effective geometry of 
the Liouville flow in some detail. 

It is not difficult to compute the "classical" effective metric (sigma model metric) 
implied by the GLSM construction to the leading order of stringy corrections. In the first 
step we plug the D-term equation ( f4.7|) into the GLSM action, fix the U(l) gauge (by 
setting the phase of <^_ n to 1) and then integrate out the (massive) gauge field which 
appears quadratically in the Lagrangian. These manipulations are easy to perform, and 
lead in the sigma model limit e — > oo to an M = (2, 2) sigma model on a smooth four 



dimensional target space [83 



2 , 2 fp 2 ^ + |^l + pV 2 M 1 + ^ 2 ) 2 

ds =dp +dp +-(npdp - palp) + p2 + n 2 p '2 + k " ( U 



The coordinates that appear in ([4.8|) are defined by p = \<pi\, p' = |y?-n|, 9\ = 9 — P2 and 
62 = nP2, where 9 is the angle of ip±. Then 9± y 2 are periodic with periodicity 2n. 

The (Liouville) conformal field theory that captures the process of tachyon condensa- 
tion of the twisted circle theory may now be obtained by flowing to the IR in the world-sheet 
sigma model based on the metric (|4.8|) . Unfortunately, an exact description of the resulting 
M = (2, 2) SCFT has not yet been found; determining this SCFT is an interesting open 
problem (note [^5j were able to solve a similar problem in a slightly simpler context; the 
CFT that described the IR of their model was the SL(2, R) /U(l) WZW theory). It seems 
plausible that, as in [[55) (and several earlier analysis of Calabi Yau constructions — see for 
instance [p2|), the asymptotic geometry and topology contained in the exact SCFT match 
those of (|L8|). Assuming this is the case, we now proceed study the qualitative features 
of the geometry QL8| ) in detail (we refer to ( |4.8[ ) as the "classical" geometry of tachyon 
condensation) . 

As we have seen before, the geometry ( fL~8| ) should describe a space that interpolates 
between the twisted circle geometry and flat space. It is easy to see this explicitly from 
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Fig. 5: Geometry change under the closed string tachyon condensation. 
The bubble of flat space appears at the origin when Pi = 0. Later it will 
expand and finally it covers the whole space. 



the metric ( |4.8| ). Rewriting the metric in terms of the coordinates p, P\ and P%, we find 
that, in the UV limit (Pi ^> 0) the interpolating space reduces to 

ds ={d P ) +-(dP 1 ) + n{p 2 + kPl) 



+ 



(np 4 + (nfcPi + | )p 2 ){d6) 2 - kp 2 {d6){dP 2 ) + §((n + l)p 2 + nkP 1 )(dP 2 f 

(n + l)p 2 + nkP x + f 



« (dp) 2 + p 2 (d6) 2 + k -{dP 1 f + k -(dP 2 f. 

(4.9) 

This indeed represents the twisted circle since the unbroken gauge symmetry Z n leads to 
the identification (ip u P 2 ) ~ (e 27Ti / n cp u P 2 + 2ni/n). 

On the other hand, rewriting the metric in terms of the coordinates p', 9, Pi, and 
#i, we see that the interpolating space reduces to flat space (i.e. supersymmetric circle) in 
the IR limit (Pi < 0) 

,2 ^2 , K^,2 , (np'dp' + ldP,) 2 
ds ={dp) +-(dP 1 ) + np/2 + kPi 

\k(np' 2 + kP 1 )(d8 1 ) 2 + n 2 p' 2 (np' 2 + kP^dO 2 + \kn 2 p' 2 {de x - d9) 2 ^ ^ 
H n[n + l)p' 2 + kPi + p 

« rfp' 2 + n W) 2 + ^~i) 2 + ^(rfPi) 2 , 

taking the Z n identification into account. 



In greater detail, the geometry (|4.8|) represents the decay of the twisted circle back- 
ground via the nucleation and growth of a bubble of the (compactified) fiat space. This 



41 



bubble is nucleated at "time" Pi = (and at p = p' = 0). The radius Rb of this nucleated 
bubble (see fig. 5) grows in time like Rb ~ \/—kPi (this diffusive growthS matches the 
behavior observed in section 3.2). These results precisely show the expected behavior of 
the tachyon condensation process. 

In this way we have found the effective metric of the geometry which interpolates 
between the twisted circle and flat space. An important point compared with the previous 
RG flow description is that in the present example the whole geometry corresponds to 
a CFT since we have identified the Liouville coordinate Pi with the "time" coordinate 
under the tachyon condensation. To check that our derivation of the leading order effective 
metric is plausible, we must show that our metric has no singularity. To examine this we 
focus on the point at which the bubble of supersymmetric circle is first nucleated, i.e. the 
neighborhood of P\ = p = p' = 0. Then ( f4.8| ) reduces to 

ds 2 = dp 2 + P 2 d6l + dp' 2 + p ,2 d6i, (4.11) 

i.e. polar coordinates on R 4 . Thus there is no singularity in our geometry. 

We end this section by studying the essential topological properties of the geometry; 
this analysis will prove useful in the next section. In particular we will trace the behavior 
of various 1-cycles in the twisted circle, as the space transforms itself from the twisted 
circle to flat space. The twisted circle S\ defined by (see fig. 6) 

S\:(j>,9,P 2 ) = {0,a 1 ,8 l ), 0< Sl <2n/n : (4.12) 

which is non-contractible for P\ > (UV region), shrinks and disappears at Pi = 0. This 
is simply the angle circle 62 of one of the two planes in (f4.11| ). This cycle becomes trivial 
for Pi < 0. 

It is also interesting to track the evolution of the supersymmetric circle Sg defined 

by 

S£:(p,0,P 2 ) = (O,« 2 ,O), 0<s 2 <2tt, (4.13) 

7 In order to see this note that, in the far region p' 2 ^> k\Pi\ ( [4.8D reduces to the twisted circle, 
while in the opposite limit p' 2 <C k\P±\ we get the flat space, p' 2 ~ k\P\\ (see fig. 5) represents a 
transition between these regions. 
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Fig. 6: One-cycles in the twisted circle. 

back in "time" , from the IR to the UV. This cycle (see fig. 6) also vanishes at P\ = 0; in 
fact it is simply the other angle 6\ in ( |4.11| ). Thus is topologically non-trivial only for 
Pi < as opposed to S\. 

We can also consider the third cycle (see fig. 6) 



S c : (p, P2) = (a,b,u), < u < 2n, a, b = constant 



(4.14) 



which winds n times around the twisted circle in the UV (Pi ^> 0) and winds once around 
the supersymmetric circle in the IR (Pi 0). Note that this cycle vanishes at the point 
p = Pi = 0. 

4-4- Evolution of D-branes 

D-branes are very useful probes for capturing the geometry in string theory, as we 
already discussed in section 3.4. In the twisted circle as well as in C/Z n we have a rich 
D-brane spectrum, including a bulk D-brane (regular D-brane) and a fractional D-brane 
9(||97| (see also [^8] for a review). The latter is special to orbifold theories and is localized 



at their fixed point, while the former has the same properties as usual D-branes in flat 
space. Notice that they are all stable D-branes in unstable closed string backgrounds. On 
the other hand, the endpoint of the tachyon condensation, flat space, has just the simple 
D-brane spectrum. Thus one may ask how the two different D-brane spectra are related to 
each other via closed string tachyon condensation (or equally RG-flow or Liouville flow). 
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Motivated by this, here we would like to study the evolution of D-branes under 
tachyon condensation. We can concentrate on the results in the twisted circle because 



the orbifold C/Z n can be obtained by the R — > limit. In [|83[ two complementary 



approaches are considered to study this problem. (Refer to [S3J for an analysis of the 



world- volume theory on probe bulk DO-branes; see [p9t|100|| for discussions on the fate of D- 
branes under the RG flow especially in the unstable orbifold C 2 /Z n from other viewpoints.) 
The first approach uses the important fact that the Euclidean (more precisely Liouville) 
evolution of twisted circle models is approximately captured by the smooth interpolating 
geometry discussed in the previous subsection. We then note that D-branes on twisted 



circle backgrounds ||101| , |102|| may be thought of as usual type II branes wrapping warious 



geometric cycles of the twisted circle background |8c|. It is then possible to follow the 
evolution of these cycles to late Euclidean "time" in the interpolating RG-flow geometry. 
It turns out that the cycles wrapped by twisted circle D-branes always evolve under RG 
flow in one of two distinct ways: the UV cycle either unambiguously evolves into an IR 
cycle, or it disappears at a finite "time" (perhaps reappearing after that time) . This leads 
to a variety of possibilities for D brane evolution under RG flow. We study a couple of 
examples here. 

Consider a fractional Dl-brane in the twisted circle, defined as a brane wrapped 
on the cycle S\B In the IR region, as we saw in the previous subsection, this cycle 
completely disappears. Thus we conclude that the fractional Dl-brane will disappear after 
the tachyon condensation. In other words, the Dl-brane self-annihilates via open string 
tachyon condensation at the point P± where the cycle becomes topologically trivial. On the 
other hand, a bulk Dl-brane corresponds to the brane wrapped on Sq, which will become 
a bulk DO-brane in the orbifold limit. This cycle evolves into a regular circle in the IR. For 
non-zero values of p (i.e. except the origin of C), it evolves smoothly. Thus a bulk Dl-brane 
in the twisted circle will become a usual Dl-brane in flat space. However, if we put the 
Dl-brane at the origin, the corresponding cycle will vanish only at P± = 0. In this case we 
have two possibilities: a bulk Dl-brane at the origin will either self-annihilate or become a 



It turns out that this brane reduces to the fractional DO-brane in C/Z n upon taking the 
R -> limit. 

44 



usual Dl-brane. It is also possible for a Dl-brane wrapped on a compactified circle to be 
created out of nothing (i.e. the cycle Sg) in the process of tachyon condensation. Finally, 
the flows we have described above may be superposed to produce more complicated flows, 
for example one in which a fractional brane disappears while at the same time a bulk brane 
is created out of nothing. See [|83| for details of various other possible flows. 

It turns out to be possible confirm some of these geometrically inspired conjectures 
using a more rigorous approach. As we have reviewed above, it is possible to obtain 
exact results on closed string tachyon condensation by studying M = 2 supersymmetric 
renormalization group flows in GLSMs. Introducing D-branes into the story corresponds to 
putting the GLSMs on the disk with appropriate boundary conditions and adding relevant 



boundary degrees of freedom (Chan-Paton factors) p8| , [103| , |T04l . This uses the fact that we 



can realize various D-branes by open string tachyon condensation (or equally the relevant 
perturbation in the sense of subsection 2.3) on higher dimensional D-branes. When the 
boundary conditions and interactions in question also preserve M = 2 supersymmetry, it is 
not difficult to construct RG flows that follow the evolution of these boundary conditions 
to late Euclidean times. Using this method, we can indeed obtain the same results as 
before, as well as corresponding ones in the C/Z n system. 



5. Other Directions and Open Problems 

Recent investigations of closed string tachyon condensation, some of which we have 
reviewed in this lecture, have thrown up several interesting questions that remain unan- 
swered. One of the most intriguing of these concerns a generalization of spacetime energy. 
As we argued in section 2, open string RG flows proceed in the direction to lower the g 
function, which may be identified spacetime energy onshell. We also reviewed (see |37| for 



details) that spacetime energy may also be shown to decrease along a class of "mild" bulk 
RG flows: those that leave the spacetime asymptotics unchanged. However we now have 
several examples of closed string tachyon condensation (e.g. the twisted circle — see section 
4) in which the asymptotic structure of spacetime is drastically modified as the tachyon 
condensation process proceeds. In such examples, the energies of initial and final states 
cannot be compared using the usual notion of ADM energy. Nonetheless it certainly seems 
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reasonable that there is some sense in which the IR fixed point should be assigned lower 
energy than the UV fixed point in these RG flows. 

All this appears to suggest that our current understanding of gravitational energy 
can be generalized, and that the world-sheet string theory — in particular RG flows on 
the world-sheet — may be useful in understanding this generalization. It is possible that 
the Zamolodchikov theorem, appropriately applied, would allow for the identification of 
some quantity that decreases along RG flows, and that one may then regard as a gen- 
eralization of ADM energy (see |^7j] for speculations on how this might work). See 
f7^,[7^,|7D| JTU^ , PT7B| , PTT7| , PT7^PT7^| , P^D|JTTlT1 for related work. 

Relatedly, we would also like to point out the conjectured existence [p.U9| of flows 



that drastically alter spacetime asymptotics purely within the supergravity approximation. 
This suggests that a generalization of ADM energy allowing one to compare the energies of 
spacetimes with different asymptotics may already exist within general relativity. Concrete 
results on this subject (perhaps along the lines of ||112| ) would be fascinating. 

Recent investigations of closed string tachyon condensation have focused on localized 
tachyons, for the reasons reviewed in subsection 2.5. However the tachyon most familiar 
to all students of string theory — the ground state of the bosonic string — is a bulk, or 
delocalized, tachyon. It would be truly fascinating to determine the endpoint (if it exists) 
of this tachyonic instability. It would certainly be nice to know if the bosonic string 
lies within superstring configuration space [|113|| — or whether it has been ordained to exist 



merely to supply warm up exercises for string theory students. For the case of homogeneous 
tachyon condensation it may be possible to regard the time dependent process as a time-like 
Liouville theory, as in the previous open string case ( |2.14j) . See |]6^ , |63| , pT4]| for preliminary 
work in this direction. 

A question that is similar in spirit concerns the endpoint of the instability of the type 
string. It has been suggested, utilizing the identification of the type string as a type 
II flux brane, that the endpoint of type tachyon condensation is the ground state of the 
type II string ||115| , p.l6[|117|| . This general proposal also receives support from the analysis 



of the decay of twisted circles in the n — > oo limit (see section 4 and [jB9| ). However, at 
present it seems fair to say that a really convincing analysis of type tachyon condensation 
is as yet lacking. 
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One idea for getting around the Zamolodchikov c-theorem in trying to relate bulk 
tachyon condensation to world-sheet RG flow, is to consider a non-critical string theory 



see 



|68yil8|| for earlier discussions of related issues in c < 1 string theory) . Then we need a 



Liouville-like field and this will lead to a spontaneous breaking of the rotational symmetry. 
See ^ , [^ , ^ , [^rrjg , ^ , |^rr^ , ^|^ , ^frjg , ggl| for other investigations of bulk 
tachyon condensation. 

The reader will find several other interesting puzzles, questions and directions that 



we do not have the time to discuss, in a number of recent publications ||132[-|171 
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Appendix A. Spectrum of C/Z n Orbifold 

As discussed in subsection 3.1, the boundary conditions (|3.4[) in the twisted sectors of 



the C/Z n orbifold shift the modings of the Z, ip, and ip oscillators. One result, as we will 
see below, is that the world-sheet fermion number Q, which is an integer for superstrings 
in flat space, is instead valued in Z + k/n, while Q is valued in Z — /c/n.i The + and — 



9 Q and Q are defined as the H and H momenta in the bosonized theories. They are also the 
contributions of the tp and ijj theories to the spacetime angular momentum J in the 8-9 plane. 



We are following the notations and conventions of [172], 
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GSO projections, normally e 7 ™^ = ±1 and e 71 "^ = ±1, must correspondingly be adjusted; 
they become 

e 7ri(Q+fc(l-l/n)) _ e iri{Q+k(l+l/n)) _ ±1 _ /^jN 

With this adjustment, the usual type IIA/B sectors, NS+ and R+ on the left and NS+ and 
R=F on the right, yield orbifold theories with consistent interactions and modular-invariant 
torus partition functions. The exponents in (|A.1| ) involve fc(l ± 1/n) rather than simply 
±/c/n in order to make the left-hand side well defined, given that k is only defined mod 
?i. As we will see below, the extra e is also related by modular invariance to the (— 1) F 
appearing in the orbifold generator ( |3.1] ), and in turn accounts for the "reversed" GSO 
projection in the odd twisted sectors. 

We will write the torus partition function for the type IIB orbifold, which is slightly 
simpler since the left- and right-moving GSO projections are the same; the generalization 
to IIA should be clear. It is: 

d 2 r 



JJ>2 



(A.2) 



where L is an IR length scale used to regulate the zero-modes of the string, F is the 



modular domain, and 
Z± 



r?6 1 ST y(k,k') y{k,k') y(k,k') 



Z x = L(47r z a 



k,k' 



\v(r) 



r(k,k') 



r(k,k') 



r{k,k') 




(k, k') = (0, 0) 



7 l+2fc/? 

^1+2^7 



(0,0) ' 

k, 

+2k'/r 



_ e -rrik(l-l/n) ^Z°^j 3 ^ 2k / n 



( 1 \k' irik(l — l/n) ( yl\ 3 y l+2k/n 

\ L ) e 1^1 ) Z/ l+2fc'/n 



r(k,k')* 

1 



T](t) 



a/2 
(3/2 



(0. 



T 



(A.3) 



The sum over k and k! may be taken over any set of representatives of Z n , since the 
summand is invariant under k — > k + n as well as k' — > k' + n. As usual, k labels 
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the twisted sector. The sum over k' enforces the orbifold projection; each term has the 
operator (— l) Fk e 2ir ' lJk l n inserted into the path integral. In the expression for Z^f* \ 
the second and fourth terms represent R states, and their (— l) k coefficients are from this 
{-l) Fk . The modular transformation r — > — 1/r relates these coefficients to the factor 
e appearing in the coefficients of the third and fourth terms, which in turn define the 
GSO projections flOP-B 



In discussing the spectrum, it is useful, as we did in subsection 3.1, to choose the 
twist number k to lie in the range —n/2 < k < n/2. The NS ground state of the if) field 
has world-sheet fermion number equal to k/n. Including the ghost contribution, the 
ground state has total fermion number 

Q|0)ns= + I°)ns- (A.5) 

Since the fermionic operators can raise and lower Q only by integers, we see that it is indeed 
valued in Z + k/n. Similarly, on the right- moving side the ground state has Q = 1 — k/n, 
and Q G Z — k/n for all states. We also see that the + GSO projection (|A.1|) projects the 



ground state in for odd k and out for even k, as claimed in subsection 3.1. 

Under the usual R periodicity (k = 0), the tj; theory has two degenerate ground states, 
with Qt/j = ±o - At non-zero k, the shifted moding breaks the degeneracy, leading to a single 
ground state with equal to | + k/n (k < 0) or — | + k/n (k > 0). Including the other 
8 fermions and the ghosts, we find a 16- fold degenerate ground state with Q G Z + k/n. 
Half of the ground states are projected in by either GSO projection ( |A.1| ). The analysis is 
similar for the right- movers. 



10 In checking the invariance of this partition function under the modular transformation 
— > —1/r, the following identity (which corrects equation (10.7.14) of | U72|| ) is useful: 

Z^(r) = e^ /2 Z a (-l/r). (A.4) 
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